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We establish the phase diagram of the one-dimensional anisotropi Kondo lattie model at T = 0
using a generalized two-dimensional lassial Coulomb gas desription. We analyze the problem by
means of a renormalization group (RG) treatment. We nd that the phase diagram ontains regions
of paramagnetism, partial and full ferromagneti order.
PACS numbers: 75.30.MB, 75.10.-b, 75.10.Jm
The question of the behavior of loalized magneti mo-
ments in metals bears on a variety of important materi-
als, from heavy fermion systems to manganites. Central
to most theoretial studies is the Kondo lattie model
(KLM) with both antiferromagneti (AFM) and ferro-
magneti (FM) ouplings. The former ase results from
superexhange and is assoiated with heavy fermion be-
havior in rare-earth and transition metal intermetalli
systems [1℄. On the other hand, diret exhange leads
to intratomi FM interations of the Hund's rule type,
also leading to a KLM desription of systems suh as the
manganites [2℄. In both ases, there is strong interest
in the determination of the phase diagram and, more im-
portantly, in the nature of the quantum phase transitions
that separate the various phases at T = 0 [3℄.
Due to the ourrene of non-perturbative Kondo or-
relations, in addition to ritial order parameter u-
tuations, quantum phase transitions in the AFM KLM
are still a hotly debated issue [4℄ as ompared to their
ounterparts in other metalli magneti systems[5℄ (see
[6℄ for a reent attempt). In this letter, we present a
renormalization group (RG) treatment of the KLM that,
although onned to one spatial dimension, has the ad-
vantage of being able to inorporate both types of low-
energy proesses on an equal footing. The RG analysis
has been very fruitful in the single-impurity ase and
is the adequate tool to address the issue of ompeting
ground states. Our treatment generalizes to the lattie
ase the mapping of the single-impurity problem into
a lassial Coulomb gas [7℄. This enables us to dei-
mate both the ondution eletrons and the spins simul-
taneously. We establish the phase diagram (Fig.1) for
both signs of the oupling onstant in a unied fash-
ion. Our results may prove diretly useful for quasi-one-
dimensional organi ompounds with loalized moments,
suh as (DMET)2FeBr4 [8℄.
The anisotropi KLM hain is desribed by:
H = −t
∑
j,σ
(
c†j+1σcjσ + h.c.
)
+ JzS
z
j s
z
j + J⊥
∑
α=x,y
Sαj s
α
j ,
where cjσ annihilates a ondution eletron in site j
with spin projetion σ, Sj is a loalized spin
1
2 opera-
tor and sj =
1
2
∑
αβ c
†
jασαβcjβ , the ondution eletron
spin density. At long wavelengths and low energies one
an linearize the dispersion around the Fermi points ±kF
(kFa =
π
2nc, nc is the ondution eletron number den-
sity), and take the ontinuum limit of the fermioni op-
erators. Following Ref. [9℄ we use bosonization identi-
ties and neglet the baksattering terms, whih are ir-
relevant away from ommensurability. In this limit the
bosoni harge elds deouple giving rise to gapless ol-
letive modes. On the other hand, the bosoni spin eld
is oupled to the loal spins, leading to the Hamiltonian:
H =
vF
2
∫
dx [∂xφc,s (x)]
2
+ [∂xθc,s (x)]
2
+ (1)
∑
i
{
Jza
√
2
π
∂xφs (i)S
z (i) +
[
J⊥a
2πα
×
×e−i
√
2πθs(i) cos
[√
2πφs (i)
]
S− (i) + h.c.
]}
,
where vF = 2t sinkFa is the Fermi veloity and the
bosoni elds are dened as in Ref. [9℄.
As in the Kondo problem, it is onvenient to resale the
Hamiltonian by the Fermi veloity, introduing the di-
mensionless oupling onstants J˜z,⊥ =
aJz,⊥
vF
. We follow
an approah analogous to the Anderson-Yuval-Haman
mapping of the Kondo impurity problem onto a lassi-
al Coulomb gas (CG) [7, 10℄. This is ahieved by going
to a path integral formulation in the oherent state basis
of the bosoni elds and the Sz basis of the loal mo-
ments. The z-part is unmodied whereas the transverse
terms generate spin ips along the Eulidean time dire-
tion leading to the partition funtion:
Z =
∫
DφDθ
∑
{σ}
∑
v=±1
yNe−S . (2)
Here, y =
|J˜⊥|
2 , N is the number of ips for a ertain spin
onguration {Sz}, and the Eulidean ation is:
S = S0 + J˜z
√
2
π
∑
x
∫
dτ∂xφs (x, τ)S
z (x, τ) + (3)
−i
√
2π
∑
j
[v (j) q (j)φs (j)− θs (j) q (j)] ,
2where S0 is the free Gaussian bosoni ation in both vari-
ables φs and θs[11℄,
∑
j is a sum over kink (spin ip) o-
ordinates and q = Sz (τ + δτ)−Sz (τ) = ±1, is alled the
magneti harge[11℄. Beause of the osine in the J˜⊥
term of (1), for eah spin ip the φs eld omes in with
two dierent signs [11℄. We denote them by v(j) = ±1
(v(j)q(j) is alled the eletri harge). Thus, eah parti-
le orresponds to a spin ip and has both a magneti and
an eletri harge, whih are related to the original term
that produed the ip. The fugaity of the partiles is
y. For instane, a spin ip produed by the right moving
fermions orresponds to a partile with eletri and mag-
neti harges with the same sign, whereas one produed
by the left moving fermions gives rise to a partile with
opposite signs on its harges. There are two restritions
on the harge ongurations for eah spae oordinate:
(i) the magneti harge q must alternate along the time
diretion (beause its origin is a spin-1/2 ip) and (ii)
the total harges must be zero
∑
q =
∑
qv = 0 (beause
of periodi boundary onditions in the time diretion).
We note that these onditions are more stringent than
in usual 1D bosoni eld theories[11℄. We therefore all
them strong neutrality onditions.
The nal step onsists of traing out the bosoni elds
in (3) in order to obtain an eetive ation for the spins
and kinks. When this is done, both short and long range
interations are generated. The latter are universal but
the short range ones depend on the uto proedure[12℄.
These short range terms are essentially the same found
in referene[13, 14℄ by means of a modied bosonization
approah. We will fous on the universal long range part
of the ation. Upon integrating by parts in imaginary
time, spin time derivatives beome kink variables. We
rewrite all long range terms in the form of a generalized
CG ation in two-dimensional Eulidean spae for the
kinks [15℄:
Seff = N ln y +
1
2
∑
ij
[
κ2
g
ln |rij |m (i)m (j)+
+g ln |rij | e (i) e (j)− iκϕi,je (i)m (j)] ,
(4)
where rij is the Eulidean distane between 2 partiles
and ϕi,j the angle. In (4), κ = 1− J˜z/π, g = 1, m (j) =
q (j) is the magneti harge and e (j) = v (j) q (j) is the
eletri one. The oeient of the term in ϕij is usually
an integer (the onformal spin, [11℄) and the ambiguity of
2πn in the angle is then irrelevant. However, in this ase,
κ an assume non-integer values. The theory remains
well dened nevertheless, due to the strong neutrality
ondition, whih leads to a anellation of the Riemann
surfae index.
In order to investigate the physis of the ation (4),
we employ a renormalization group (RG) proedure[15℄.
The most interesting situation is the dense limit, where
the distane between impurities is of the order of the
smallest bosoni wavelength available in the system.
Even though we begin with unitary harges, higher
harges are generated by renormalization, whih ome
from the fusion of elementary kinks[16℄. They orrespond
to new ation terms with spin ip pairs and four fermion
operators:
Oph ∼ G˜
[
ψ†R↑ (x)ψR↓ (x)ψ
†
L↑ (x)ψL↓ (x)×
×S− (x+ δ)S− (x) + h.c.] , (5)
Opp ∼ G
[
ψ†R↑ (x)ψR↓ (x)ψ
†
L↓ (x)ψL↑ (x)×
×S+ (x+ δ)S− (x) + h.c.] , (6)
where δ is a distane of order α. These operators do not
appear in the original Hamiltonian but are generated by
the RG proedure. Notie that they are assoiated with
exhange proesses generated by eletron-eletron inter-
ations. It is natural, from this view point, to think of
the loalized spins are generating interations among the
eletrons. The Oph term ips two nearby spins simulta-
neously and its ation generates a partile with harges
(m, e) = (±2, 0), whereas Opp reates (0,±2) harges.
Thus, G and G˜ are the fugaities of these harge 2 par-
tiles. Higher harges are irrelevant. The RG equations
are:
dy
dℓ
=
(
2− 1
2
(
κ2
g
+ g
))
y + πεy
(
G+ G˜
)
,
dG˜
dℓ
= 2
(
1− κ
2
g
)
G˜+ πy2,
dG
dℓ
= 2 (1− g)G+ πy2,
1
π
d ln g
dℓ
=
ε
2
κ2 − g2
g
y2 +
κ2
g
G˜2 − gG2, (7)
where ε = sin (2πκ) /(2πκ), with initial onditions:
g (0) = 1, y (0) = J˜⊥/2, andG (0) = G˜ (0) = 0.
The Coulomb oupling g starts at 1 for non-interating
ondution eletrons. However, the same RG equations
apply to the ase of ondution eletrons with an SU(2)
non-invariant forward sattering interation. In this ase,
the initial value of g is the orresponding Luttinger liquid
parameter[11℄. We will not onsider this ase here, but
its phase diagram is analogous to the one below.
By onsidering the solutions of Eqs. (7), we an trae
three distint regions haraterized by dierent fugaity
ows. In Fig. 1 these regions are plotted as a funtion
of the original Kondo oupling Jz and the band lling
nc. Sine the RG equations depend only on |κ|, those
regions are mirror reetions on the κ = 0 line. The
full and dashed lines trae out borders between dierent
phases, whereas the dotted line, whih is embedded in
region 3, is the Toulouse line of Ref. [9℄.
In region 1 (κ2 > 3), single spin ip proesses are
irrelevant (y → 0) just like the FM phase of the sin-
gle impurity Kondo problem[7℄. Besides, this phase has
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Figure 1: Ground state phase diagram of the KLM as a
funtion of the Kondo oupling Jz and the band lling nc.
(1) orresponds to the ordered phase of the spin array with
〈Sz〉 = 1/2, (2) is an ordered phase with 〈Sz〉 < 1/2, and (3)
is a paramagneti phase, 〈Sz〉 = 0.
one of the higher harges G owing to strong oupling
(see (6)). In ontrast, both single and double spin ip
proesses are relevant in regions 2 and 3. What distin-
guishes them is the fat that in region 2 the ow of y is
slower and G > G˜. The ow in the dashed line between
2 and 3 an be solved analytially: y(ℓ) = y(0)eℓ and
G(ℓ) = G˜(ℓ) = πy2(0)(e2ℓ − 1)/2. This denes a hara-
teristi length a ∼ 2a0 ln
(
2/
∣∣∣J˜⊥∣∣∣) where y(a/a0) ∼ 1.
In this ase, there is a preise balane between the eletri
and magneti harges, whih prevents them from being
sreened. As a onsequene, g = 1 and does not renor-
malize, though the ground state is a plasma. All or-
relations fall in a power law fashion implying a gapless
system. On the other hand, outside the line |κ| = 1, the
interations are sreened (g → 0 or ∞). A partiularly
simple ase of this kind of ow ours in the Toulouse
line (κ = 0), where g → 0 and all fugaities grow.
Although the RG ows are lear, their physial inter-
pretation is less straightforward. Sine we used Abelian
bosonization, we treated in dierent ways the z and the
transverse omponents of the spins. Therefore, while
short range transverse spin orrelations are generated by
fusion of elementary partiles (Eqs. (5) and (6)), the or-
responding z orrelations appear only through their an-
nihilation and no fugaity is assoiated with this pro-
ess. Nevertheless, we an make progress by writing
down the operators desribing this annihilation. After
point-splitting the fermioni part, we get:
Oz ∼ 2
(
G˜2 −G2
)
Sz (x+ δ)Sz (x) +
y2
2
S− (x+ δ)S+ (x) + h.c., (8)
whih are the ounterparts of the transverse terms om-
ing from the fusion of partiles. This enables us to deter-
mine the magneti phase diagram assigning an eetive
spin Hamiltonian to some speial ases. Taking δ to be
the lattie spaing at the nal RG sale in the Opp, Oph
and Oz denitions, we nd an eetive Hamiltonian
Heff ∼ H0
(
φ¯s, θ¯s
)
+
∑
j
2
[
G˜2 −G2
]
Sz (j + 1)Sz (j)
+y cos
(√
2πgφ¯s (j)
)
e
−i
√
2pi
g
κθ¯s(j)S− (j)
+
[
G cos
(√
8πgφ¯s (j)
)
+
y2
2
]
S− (j + 1)S+ (j)
+G˜e
i
√
8pi
g
κθ¯s(j)S− (j + 1)S− (j) + h.c. (9)
It reprodues the same CG that we studied above. In
region 1, this redues to the FM Heisenberg model in
its ordered phase (G ∼ 1, 〈Sz〉 = 1/2). The eetive
Hamiltonian for the κ = 0 line is also independent of the
bosoni eld. It is an AFM XYZ model in an external
eld. In this ase, the eetive spin Hamiltonian is or-
dered in the XY plane, G ∼ G˜ ∼ y ∼ 1. Nevertheless,
this does not imply any order of the original spins. A
unitary transformation onnets the spins of Eq. (9) to
the ones of the original model (1) ensuring that the lat-
ter are disordered even if the former are ordered (see the
disussion after Eq. (10) and Ref. [9℄). Another situation
that an be insightful is the |κ| = 1 line. In this ase, we
annot write an eetive model for the spins independent
of the bosoni eld. However, due to the symmetri ow
of G and G˜, the z-term vanishes and the order parameter
〈Sx,y,z〉 is still zero. With these assignments in mind, we
propose that the entire region 3 is a paramagneti phase
with short-range AFM utuations. There is no simple
eetive Hamiltonian within region 2, but the disorder-
ing term, proportional to y, starts to grow more slowly
and the short range z orrelations turn from antiferro-
to ferromagneti. We thus nd that this is an ordered
phase with unsaturated magnetization of the spins.
The piture that emerges from these results is that
there are two ontinuous phase transitions in the KLM.
The rst transition from region 1 to region 2 in Fig.1,
reminisent of the Berezinskii-Kosterlitz-Thouless tran-
sition of the single impurity Kondo model [7℄, separates
regions of relevane and irrelevane of the single ip pro-
ess. The eetive model (Eq. 9) in region 1 has FM or-
der, with full saturation of the loalized spins. A regime
with FM order is beyond the present bosonization treat-
ment, sine the spin polarization of the ondution ele-
trons must be inorporated. However, the RG ow is still
able to indiate its existene through the irrelevane of
single spin ips. In a highly anisotropi model, this leads
to the ordering of the loalized spin array so that the
eletrons an gain kineti energy (resembling the dou-
ble exhange mehanism). In Refs. [18, 19℄, the authors
4showed that in the isotropi ase this is indeed what hap-
pens. Within this senario, the total spin per site (ele-
trons+spins) would be Sztot = 〈Sz〉 − nc/2 = (1 − nc)/2
in the AFM ase and Sztot = (1 + nc)/2 in the FM one.
Within the region where the ouplings are relevant, there
is another ontinuous phase transition from region 2 to
region 3 in Fig.1, similar to the transition of the Ising
model in a transverse eld [17℄, that separates a param-
agneti phase (region 3 of Fig. 1) from a region with un-
saturated magnetization of loalized spins, whih grows
ontinuously until the border of the rst transition (re-
gion 2 of Fig. 1). This interpretation is onsistent with
the numerial studies of both the isotropi FM KLM of
Dagotto et al. [2℄ and the isotropi AFM KLM of Tsunet-
suguet al. [19℄. The methods used here annot desribe
the region of phase separation found in the numerial
simulations for the FM KLM, beause in that ase the
magneti energies are of the order of the eletron band-
width. In this limit the bosonization sheme is not ap-
pliable.
We now make ontat with previous treatments of the
KLM with Abelian bosonization. In Refs. [9, 13, 14℄, a
family of unitary transformations,
U = e−if(Jz)
∑
i
θs(i)S
z(i), (10)
is used to dene new elds that mix spin and boson de-
grees of freedom. The harges of the CG we obtained
arise from vorties of these mixed elds. As an be read-
ily heked, the integration by parts that we performed
in the eetive ation for spins and kinks is equivalent
to this unitary transformation. Therefore, our eetive
Hamiltonians in the dierent regions of RG ow (Eq. 9)
should be understood in this rotated basis. This is of spe-
ial importane in the analysis of the κ = 0 line, where
〈θs〉 = 0. Thus, even if the spins aquire order in the
XY plane, they still remain disordered in the original ba-
sis. Zahar et al. [9℄ argued that along the κ = 0 line
the system has a spin gap. Sine the eetive Hamil-
tonian (9) in this line is in a gapped phase, our results
are onsistent with this onlusion. However, this is at
variane with the available numerial evidene[19, 20℄
for the isotropi KLM. This disrepany raises the ques-
tion about whether the anisotropi model an apture
the physis of the isotropi one. In addition, the sub-
sequent work of Zahar [21℄ proposes additional phases
away from κ = 0, whih may be related to our regions 1
and 2. Honner and Gulási[13, 14℄ have also proposed a
phase diagram for the isotropi 1D KLM. They predit a
paramagneti phase for ferromagneti oupling. This is
in disagreement with our results and the work of Dagotto
et al [2℄. A full disussion of their methods and results in
ontrast to ours will be published elsewhere.
In onlusion, we have established the zero temper-
ature phase diagram of the anisotropi 1D KLM with
ferromagneti and antiferromagneti oupling. We have
found three dierent phases: a paramagneti phase where
the Kondo eet dominates; a fully polarized magneti
phase where the double exhange orrelations drive the
system towards order; and a partially polarized phase
where Kondo eet and magneti orrelations ompete
diretly to generate partial polarization. The two quan-
tum phase transitions have ontinuous nature, losely
related to the Berezinskii-Kosterlitz-Thouless transition
of the single impurity Kondo problem and to the Ising
model in a transverse eld. Although we have worked in
1D, many of the eets disussed here are generi and
also our in higher dimensions. In spite of the fat that
we have used Abelian bosonization and worked on the
anisotropi model, our ndings are in agreement with the
numerial simulations in the SU(2) KLM [2, 19℄. It would
be interesting to have the numerial work extended to the
anisotropi model as a further test of our results. Finally,
we hope our results will be a stimulus for the study of
the phase diagram of quasi-one-dimensional systems with
loalized moments suh as (DMET)2FeBr4 [8℄.
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